Abstract. This paper investigates the C ∞ -convergence of the Sasaki J-flow. The result is applied to prove a lower bound for the K-energy map in the Sasakian context.
Introduction and statement of the main results
The Sasaki J-flow has been introduced in [23] as a natural counterpart of the Kähler J-flow in the Sasakian setting. In [8, pages 10-11] Donaldson introduced the Kähler J-flow on a ndimensional Kähler manifold M pointing out the importance of its critical points from the point of view of moment maps. Given two Kähler forms ω and χ on M , such critical points satisfy the equation nχ ∧ ω n−1 = c ω n , where c is a constant depending on [ω] and [χ] . Donaldson observed that a necessary condition for their existence is that [c ω − χ] be a Kähler class, and he asked if it was also sufficient. In [5] X.X. Chen proved that for complex surfaces it is. Although, it is not in higher dimension, indeed in the recent paper [15] , M. Lejmi and G. Székelyhidi found a counterexpample on the blow up of P 3 at one point. The existence of critical points has been studied by B. Weinkove, V. Tosatti and J. Song in [19, 22] in terms of the positivity of some (n − 1, n − 1) form and by X.X. Chen in [6] in terms of the sign of the holomorphic sectional curvature of χ. In particular, in [6] Chen proved the long time existence of the flow and, when the bisectional curvature of χ is nonpositive, its convergence to a critical metric.
This work was inspired by [24] , where B. Weinkove deals with the natural question on what the behaviour of the flow is on Kähler surfaces, where the existence of a critical metric is always guaranteed (once the necessary condition above is satisfied). He proved the convergence of the J-flow on Kähler surfaces under the only assumption c ω − χ to be positive. In the later work [25] , Weinkove generalize his result to higher dimension, proving the convergence of the Kähler J-flow under the assumption of the positivity of the form c ω − (n − 1)χ.
In the Sasakian case the situation is quite similar and a necessary condition for the existence of a critical point is that there exists a basic map h such that The paper contains three more sections. In the first one we summarize some basic facts about Sasakian geometry, recall the definition of Sasaki J-flow and set the notations. In the second one we develope second order estimates on a solution f to the J-flow which depends on f itself. In the third section we study the C 0 -estimates and prove Theorem 1.1. Finally in the fourth and last section we recall the defintion of Mabuchi K-energy in the Sasakian context and prove our second result Theorem 5.2.
The author is very grateful to Luigi Vezzoni for suggesting her to study critical points of the J-flow in the Sasakian context, for his advices and for all the interesting discussions along the preparation of this work.
Sasakian manifolds and the Sasaki J-flow
Here we briefly recall what we need about Sasakian manifolds, the reader is referred to [2, 20] for a more detailed exposition.
A Riemannian manifold (M, g) is Sasakian if and only if the Riemannian cone (M × R + ,ḡ = r 2 g + dr 2 ) is Kähler. The integrable complex structure J and the Kähler formω on (M × R + ,ḡ) induce in a natural way on (M, g):
(1) a killing vector field ξ and its dual 1-form η, η(ξ) = 1, ι ξ dη = 0, which is a contact form, i.e. η ∧ (dη) n = 0. The tangent bundle T M splits into T M = D ⊕ L ξ , where D = ker η and L ξ is the line tangent to ξ.
The triple (η, ξ, Φ) realises a contact structure on M , while (D, Φ| D ) realises a CR structure.
, which is zero along the direction of ξ and it is Kähler with respect to D, is called the transverse Kähler metric of M .
A p-form α on M is basic if it satisfies:
In particular, a function is basic if and only if its derivatives in the direction of ξ vanishes. We denote the space of smooth basic functions on M by
for any vector field X on M . Observe that any f ∈ H induces a Sasakian structure (ξ, Φ f , η f ) on M with the same Reeb vector field ξ. The geometry of H has been studied by P. Guan and X. Zhang in [10, 11] from the point of view of geodesics, by W. He in [13] from the point of view of curvature and by S. Calamai, D. Petrecca and K. Zheng in [3] in relation to the Ebin metric.
In order to define the J-flow, we need to fix a transverse Kähler form χ on M , i.e. χ is a basic (1, 1)-form which is positive and closed. Let f (t) be a smooth path on H. Define the functional J χ : H → R by:
where σ f is the trace of χ with respect to dη f . Alternatively, the J χ functional can be defined by (cfr. [23, Def. 2.2]):
where
Further, let H 0 = {h ∈ H| I(h) = 0}, where I : H → R is defined by:
Notice that I can be explicitely written by (see [10, Eq. 14]):
Observe that h ∈ H 0 is a critical point of J χ restricted to H 0 if and only if
In particular, h ∈ H 0 is a critical point of J χ iff σ h = c. The Sasaki J-flow is the gradient flow of J χ : H 0 → R and its evolution equation is given by:
In the joint work with L. Vezzoni [23] , we study the long time existence of the J-flow (2) and prove its convergence to a critical metric under an additional hypothesis on the sign of the transverse holomorphic sectional curvature of χ. In the recent paper [1] , the Sasaki J-flow is included as particular case in a more general result that prove the short time existence of second order geometric flows on foliated manifolds.
We conclude this section recalling the definition of special foliated coordinates (see [23, Subsec. 2.1]) and setting some notations.
Let (M, ξ, Φ f , η f , g f ) be a Sasakian manifold as above and let χ be a second transverse Kähler form on M . Around each point (x 0 , t 0 ) ∈ M × [0, +∞) we can find special foliated coordinates {z 1 , . . . , z n , z} for χ, taking values in C n × R, such that
and if we denote χ = χ ij dz i ∧ dz j , then
Here we denote:
and in particular the transverse Kähler metric g T f reads locally g T f = (g f ) ij dz i dz j . Observe that (g f ) ij are basic functions and by (3) , in these coordinates a function is basic iff it does not depend on z. Let us also use upper indexes to denote the entries of a matrix' inverse. Further, for any
f . In the sequel we will also denote by γ f the trace of g f with respect to χ, i.e. locally γ f = χj k (g f ) jk , and by R(χ) jklm the curvature tensor associated to χ, which in special coordinates for χ at (x 0 , t 0 ) reads R(χ) jklm = −χ jk,lm . Consequently we will have:
Further, we denote by (·, ·) χ the product on basic forms α, β ∈ Ω (p,q)
Finally, let∆ f be the operator depending on a smooth curve f in H and acting on basic smooth functions, defined by:∆
Remark 2.1. Observe that the operator∆ f satisfies the following property. If h(x, t) is a smooth path in H and (x 0 , t 0 ) is a global maximum for h in M × [0, t], then by the maximum principle at (x 0 , t 0 ) one has:
More precisely, at (x 0 , t 0 ) one has ∂ t h ≥ 0 and dd c h ≤ 0. Then, by the definition of∆ f , one get ∆ f (h) ≤ 0 and thus ∂ t −∆ f ≥ 0.
Remark 2.2. Observe that in special foliated coordinates for χ around (x 0 , t 0 ) ∈ M × [0, +∞), such that g f takes a diagonal expression with eigenvalues λ 1 , . . . , λ n , one has:
Second order estimates
In order to develope the second order estimates we begin with the following lemma:
Proof. Compute:
where:ḟ
Taking special coordinates around (x 0 , t 0 ) we get:
Thus:
which implies:
where we used that by [24, Lemma 3.2], one has:
Recall now that a uniform lower bound on the second derivatives of a solution f to the Sasaki J-flow is obtained in [23, Lemma 6.1] . In order to get a uniform upper bound, we start proving the following proposition, which follows essentially [25, Th. 
Proof. Normalize χ in order to get c = 1 (i.e. 2 dη − (n − 1)χ > 0). Fix t > 0 and let (x 0 , t 0 ) be a maximum in M × [0, t] for log γ f − Af , where A is a constant to be fix later. By Lemma 3.1 above at (x 0 , t 0 ) we get:
Further, we have:
Thus, by Remark 2.2 and since with our normalization a solution f to (2) satisfiesḟ = 1 − σ f , it follows:
Let C 0 be a positive constant such that:
2 dη − χ > 0 it follows that we can choose ǫ > 0 small enough to have:
and we can set A big enough such that:
Since at (x 0 , t 0 ) it follows easily by (6) that one has:
by Remark 2.2 we finally get:
At this point, observe that (x 0 , t 0 ) has been chosen to be a global maximum in M × [0, t] and thus (see Remark 2.1):
This last inequality implies an upper bound for all λ j , as it follows considering that we can rewrite it as:
an thus for any j = 1, . . . , n:
i.e.:
It follows that at (x 0 , t 0 ), γ f is bounded above. Since (x 0 , t 0 ) is the global maximum in [0, t] for log γ t − Af , we get that
as wished.
4. C 0 estimates and the proof of Theorem 1.1
In order to get a uniform upper bound for a solution to (2) we modify the arguments in [24, 25] . For this purpose, let g χ be the Riemannian metric which has χ as transverse Kähler metric, i.e.:
Observe that since (M, g χ ) is a compact Riemannian manifold, there exists a Green function G(x, y) which satisfies for any u ∈ C ∞ (M ):
where dµ and ∆ are respectively the volume form and the Riemannian Laplacian associated to g χ . By [17, Prop. 2.8] ∆ χ ψ = −∆ψ for any ψ ∈ C ∞ B (M, R), where ∆ χ is the basic Laplacian associated to χ, i.e. it is locally expressed by:
(in our notation the basic Laplacian has the opposite sign of [17] one). Thus, for any ψ ∈ C ∞ B (M, R) we have:
Remark 4.1. Notice that ∆ χ f is uniformly bounded from below, as it follows easily from the definition of ∆ χ f and by observing that:
Proposition 4.2. Let (M, g, ξ, Φ, η) be a (2n + 1)-dimensional Sasakian manifold and let f be a solution to (2) . Then there exist two positive constants C 0 and C 1 , depending only on the initial data, such that:
Proof. Observe first that from f ∈ H 0 by (1) we get:
Thus f vanishes somewhere and we have sup M f ≥ 0. In order to prove the second inequality, let B 0 , B 1 be constants such that:
From (8) we get:
and thus:
M It remains to prove that inf M f is uniformly bounded from above. Following [25] , assume that such bound does not exist. Then there exists a sequence of time t i such that
Since by Prop. 4.2 above sup M f ≥ 0, we have sup M ψ i = 0. This last fact, together with Prop. 3.2 in the previous section, will lead us with Prop. 4.6 to the contradiction ||e −Bψ i || C 0 < 1, where B = A/(4 − ǫ) for a small ǫ > 0 which is set in the proof of Prop. 4.6.
We begin with the following lemma. 
Proof. Observe first that:
it follows that:
and since
we get:
Thus, plugging this last equality into (9) we get:
Since χ jk (g T 0 ) jk ≥ 0 and we assumed γ ψ ≤ Ce
, conclusion follows by observing that: 
Proof. By (7) we have:
i.e., for some constant B 2 :
At this point, recall that locally M can be described by special coordinates (z 1 , . . . , z n , z) ∈ C n × R and being ψ basic, it is constant in z. Let {B r i } i be geodesic balls that cover M . For each i, set special coordinates on B r i . Since the support of the smooth function 
Then we have:
and the assertion follows setting C ′ = B 3 e −αψ(0) .
We recall here a Sobolev inequality for a compact Riemannian manifold (M, g) needed in the proof of Prop. 4.6 below. For any smooth function h on M and a > 0 denote:
where dµ g is the volume form associated to g. 
In particular, setting q = 2, m = 2n + 1 and raising to the second power, there exists a constant C 1 such that: 
then for some small ǫ > 0, ||e Proof. Since (M, g) is a Riemannian manifold, then by (10), for b = 2(2n + 1)/(2n − 1) and some constant C 1 , the following Sobolev inequality holds for any u ∈ C ∞ (M ):
2 , i.e., since the Sobolev inequality is independent from the volume form chosen:
ψ . Since M |u| 2 η ∧ χ n ≥ 0, by Lemma 4.3 applied to u 2p , there exists a constant C 1 such that:
(p−q)ψ η ∧ χ n Then, raising to the power of 1/4p, we get
With this notation (11) reads:
Replacing p with 2bp + q, s k change in s k+1 for all k = 0, 1, 2, . . . and we get:
and thus by (12) : We are now in the position of proving Theorem 1.1. associated to dη f . Let us also denote by ρ T the transverse Ricci form associated to Ric(dη) and bys T the average scalar curvature defined by:
The Mabuchi K-energy in the Sasakian context has been introduced by A. Futaki, H. Ono and G. Wang in [9] . According to the notation in [14] , it is defined as follows. Let f 0 , f 1 ∈ H and f : [0, 1] → H be a smooth path satisfying f (0) = f 0 , f (1) = f 1 . Then the functional M : H × H → R defined by:
